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1. (5 pts) Answer the following questions. (1 pt each)
(@) What is the inverse of the function f(x) = 4x + 67

x—6
4

F ) =g =

(b) Find the intersection of the following sets:
A={x:x>0} B = {x : x is an even number}

ANB=1{2,46,..)

(c) The inverse of a 4 x 4 matrix A exists if
O The determinant of A is O
@ The determinant of A is not O
« Rank of Ais 4
0O Rankof AisO

o All rows of A are linearly independent

Select all that apply.

(d) Is the function y = |x — 1| differentiable at x = 1?
O Yes.
Z No.

o Can't say.

(e) The function f(K,L) = K*L1~%is:
0 Homogeneous of degree O
@ Homogeneous of degree 1
o0 Not homogeneous

0 Homogeneous but cannot say of what degree
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(f) The following function is:

2, |

O Quasiconcave
o Strictly quasiconcave
O Quasiconvex

' None of the above

2. (5 pts) Consider a single-variable function:
y=f(x)
In class, we learnt that at any local maximum or minimum, we must have that,
f'(x")=0
In addition, a sufficient condition for a critical point x* to be a local maximizer is:
f7(x*) <0

(a) (2 pts) Why can’t we have a maximum or minimum at a point where f/(x) > O
or f'(x) <07

A point where f’(x) > 0 or f/(x) < O cannot be a local maximum or mini-
mum because the value of the function will change in the neighborhood of
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such a point. For example, if f/(x*) > 0, then increasing x slightly above x*
will lead to an increase in the value of the function, so x* cannot be a local
maximum. Similarly, decreasing x slightly below x* will lead to a decline in
the value of the function, so x* cannot be a local minimum as well.

(b) (2 pts) Why is f”(x) < 0 a sufficient condition for a critical point to be a
maximizer?

If x* is a critical point, that is f/(x*) = 0, and f”(x*) < O, we can conclude
that x* is a local maximizer. This is because f”(x*) < O implies that f’(x) is
decreasing around x*, and since f’(x*) = O, the sign of f’(x) flips from posi-
tive to negative as we move from left to right of x*. Since f’(x) > O indicates
that f(x) is increasing and f’(x) < O indicates that f(x) is decreasing, it fol-
lows that f(x) is increasing as we approach x* and decreasing as we move
away from it. Therefore, x* corresponds to a peak in the function.

(c) (1 pt) If f is a strictly concave function, can we have two critical points, i.e.,
two distinct values of x such that f"(x;) = f’(x2) = 0?

No, if f is a strictly concave function, it cannot have two distinct critical
points. This is due to the fact that f”(x) < O for all x in the domain of f,
implying that f’(x) is strictly decreasing. As a result, f’(x) can only be zero
at one point.
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3. (5 pts) Prove the following statements:

(@) (2 pts) Zl.zzl 3(x;+1) = SZizzlx,- +6

2
ZS(xl- +1) =301 +1)+3(x+ 1)
i=1

=3x1+3+3x9+3

= 3(X1 +X2)+6

:3i)€i+6
i=1

(b) (3 pts) Given the following production function:
Q= f(K,L) = AK*LF

The partial elasticity of output with respect to capital K and labor L is a and
B, respectively.

Elasticity of output w.r.t. capital:

40 K _ K
=~ —=aAK* L. =
fk=%k 0~ ¢ AKeLF ¢
Elasticity of output w.r.t. labor:
40 L B L
== .~ =BAKLFl. — =
foL=5r 5=k akerp P
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4. (6 pts) Consider the following system of equations:

x1+2x2:6

3x1+x9=3

(@) (1 pt) Write this system of equations in matrix format i.e.,

Av=>b
What is A, v, and b equal to?

1 2 X1 6
= A V— b =

31 X9 3
(b) (2 pts) Calculate the inverse of A.

Al = i ase —daig _ _l 1 -2
|A| —ag1 aill 5 -3 1

(c) (1 pts) If you premultiply A~1 on both sides of the equation Av = b, you should
be able to derive an expression to solve for v. Write down this expression.

Premultiplying by A™1 :
AtAv=4a"1p

Since A"1A = I, we have v* = A~1p.

(d) (2 pts) Using the expression in (c) solve for v*.

1
5

1 -2
-3 1

6
3
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5. (14 pts) You are given the following inter-temporal utility function:
U=U(cy,c9)=Incy +BInco (1)

where ¢ and c2 is consumption in period 1 and 2, respectively. 0 < 8 < 1 is the
rate at which you discount the future and it measures your impatient. You earn
income y; > Oin period 1 and income yo > O in period 2. Any of the income you
save s in period 1 earns interest r > 0. So,

c1+s=yi, co=y2+(1+r)s

Combining these constraints:

c1+

co=y1+
1+r2 1 1+r

Y2
Let the present-discounted income be denoted by m, such that:

1
1+r

m=y;+ y2

You want to choose ¢ and ¢y to maximize utility U(c1, ¢2) in equation (1) subject
to the constraint:

1
1+r

c1 + co=m (2)

(a) (2 pts) Write down the Lagrangian function corresponding to this maximiza-
tion problem.

1

L(ci,c2,4) =Incy+BIncog+A|\m—-cy -
1+r

€2
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(b) (3 pts) Write down the first-order conditions for a critical point.

L 1

oL =—-1*=0 (3)
oci o

L *

dco c, 1+r

oL . r

(c) (2 pts) Using the first order conditions in (b), show that the optimal consump-
tion ¢ and ¢ and the Lagrange multiplier 1* are given by:

m *:,Bm(1+r) /l*—1+ﬁ

AT Typ 2 1+8 m

Note that from (3), 1* = 1/c7, plugging this in (4), we get:

co =B(l+71)c]

Plugging this expression for ¢ in (5):

* 1 * * m_
c1+m,8(1+r)c1:m—>cl = 115
In which case,
. . PBm(l+r)
Coy Zﬁ(l +r)c1 = 1—4',3
Finally, since 1* = 1/c7,
1 1
/l* = - = +ﬁ
C1 m

(d) (1 pt) Here, U(c1, c2) is a strictly quasiconcave function. Is this sufficient to

conclude that the ¢} and ¢ we found in (c) characterize a global maximum?
Answer: Yes

(e) (2 pts) How does the optimal consumption in period 1 and 2 change due to
an increase in m? Calculate dc7/dm and dci,/dm to answer your question.

@: 1 20 8c§:ﬁ(1+r)>0
om 1+p ’ om 1+
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Since g > 0,7 > 0, both dc]/0m and dc, /dm are positive and hence optimal
consumption increases in both periods due to an increase in m. In particular,
cj increases by 1/(1 + ) for a one unit increase in m. While, ¢ increases by
B(1+7r)/(1+p) for a one unit increase in m.

(f) (1 pt) If » = O, using your expressions for dc}/dm and dc/dm, answer
whether optimal consumption in period 1 increases by more or less than
consumption in period 2 in response to a change in m? When r = O,

Gc’;: 1 S B :603
om 1+8 1+8 O0m

Since B < 1 (consumption in the future is discounted), when the interest rate
r = 0, optimal consumption in period 2 increases by less relative to period 1
due to a one unit increase in m.

(g) (2 pts) How does optimal consumption in period 1 change due to an increase
in the interest rate r?

Note that here,
Y2

1+r

m=y]+

So to calculate dc}/dr, you need to use the chain-rule as follows:

0y 9 Om _ 1 _y2 g
or 0m Or 1+B (1+r)2

So optimal consumption in period 1 decreases due to an increase in interest
rate r.



