Homework 2 Solutions

ECON 441: Introduction to Mathematical Economics Instructor: Div Bhagia
Exercise 4.2
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(a) ABis defined as number of columns in A is two which is equal to the number

of rows in B.
2x2+8x3 2x0+8x%x8 28 64
AB=]13x2+6x3 3x0+0x0|=| 6 O
5x2+4+1x3 5x0+1x8 13 8

Not possible to calculate BA as B has two columns, but A has three rows.

(b) BC and CB are both defined as both have two rows and two columns.

14 4
69 30

20 16
21 24

BC =

1
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Exercise 4.4
5. (e)
-9 ]
1x3
7 43x1
[ -6 -12 4
C=AB=]12 24 -8
| 21 42 -14

D=BA=[83X-2+6Xx4+-2X7]=[4]
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X1 a1 O .
7. In example 5, x = and A = . In which case,
X9 0 asge
a;i1; O X1

xX'Ax = [ X1 X2 ]
a2 X2 %1

X1
= [ aiiXxi az2x2 ]1><2
*2 2x1
2
2 2 2
= ayixy +asgxy = Zaiixl-

Weighted sum of squares

So x’Ax represents a weighted sum of squares where a1, ago are weights.

. ail a2 .
But now what if A = . In this case,
asy1 as2
ail a2 X1
x'Ax = [ X1 Xo ]
a1 422 [5.0 | *2 |9y

X1

[ aijlxy +agixe aizxy +asexa
*2 o1

2 2
aplxy +azi1xixe +ajgx1xg + agaxy

2 2
ay1xy +(ag1 + aiz) x1xg + agax,
So x’Ax no longer represents a weighted sum of squares.
You can check that the associative law i.e.
(x’A) x = x'(Ax)

will apply in both cases (after all, its a law!) as all products are possible.
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Exercise 4.5
1.
9
-1 5 7 [ X }
= B = 6 X =
0 -2 455 0 2 Jaxa
3x1
1 0 O]

-1 5 7 -1 5 7

(a) AI = O 1 O = =
0O -2 4 0O -2 4

0 01 lays

1 0 -1 5 7 -1 5 7

(b) 1A = =
01 9% 0O -2 4 0O -2 4
1 0

(c) Ix = SR I
01 952 X2 X2

, 10
(d)xl—[xl xz] 0 1 —[xl xz]
2X2

4. Let’s start with a 2 x 2 diagonal matrix

all 0 all 0 _ a%l 0
0 a9 0 a99y 0 a§2

x = x2 foronly x = 0,1 so a1 and agg can either be 0 or 1. So we can have the
following 2 x 2 idempotent diagonal matrices:

(O
(O

0O
01

1 0
(O

1 0
01

b b b

More generally, for n x n matrix, there can be 2" such matrices. This is because
there will be n elements, each of which can take two values.



ECON 441: Introduction to Mathematical Economics

Exercise 4.6
0O 4 3 -8
2. A = B = C =
-1 3 0O 1
3 -4
(@ A+B=
-1 4
0 -1 3 0
A"+ B = + =
4 3 -8 1
So,(A+B) =A"+P
0O 4 1 09
(b) AC =
B 2x2 611 2x3
1 6
0 -1
C’A=]10 1 4 3 =
2%2
91 3x2 8

So, (ACY = C'A'.
6.A=1-XX'X)1x

(a.) Say the dimension of X is m X n.

1 09
6 11

3 -1
-4 4

24 4 4
17 3 -6

24 17
4 3
-6

2x3

3x2

Then the dimension of X, Xyuxn is n X n.

So the dimension of (X’X)™! is also n x n. This implies that the dimension of

X (X' X)71 X7 is m x m. Hence, X’X and A must be square matrices, but X

nxXn “*nxXm

need not be square.

(b.) To prove a matrix is idempotent, we need to show AA = A.

AA=I-XX'X) ' X1 -xX'X)1x)
=I-XX'X) ' X -xXX) ' X+ xXX) M x'x(x’x)"tx

| ——
1

=I-XXX) ' X -xXX) X+ xxX'x)tx

=I-XX'X)'x =4
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