Optimization
ECON 441: Introduction to Mathematical Economics Instructor: Div Bhagia

Optimization is the process of finding the best solution to a problem, given a set of con-
straints and objectives. In economics, optimization plays a central role in understanding
how individuals, firms, and governments make decisions to allocate scarce resources
efficiently. In the context of functions, optimization involves finding a function’s maxi-
mum or minimum value.

Global vs. Local Extrema

e Local maximum: A point where the function attains its highest value within a
neighborhood.

e Local minimum: A point where the function attains its lowest value within a neigh-
borhood.

¢ Global (or absolute) maximum: A point where the function attains its highest value
over the entire domain.

¢ Global (or absolute) minimum: A point where the function attains its lowest value
over the entire domain.
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Note that all global extrema are also considered local extrema. Furthermore, there can
be multiple local and global extrema for a function. For example, consider the constant
function f(x) = 2. In this case, all points in the function’s domain are global maxima
and global minima. There are also functions that have no extremum points, such as
f(x) = x, which continuously increases as x increases and continuously decreases as x
decreases, without reaching any peak or valley.

1 Unconstrained Optimization with One Variable

We will start with the simple case of finding a maximum or a minimum of a single-
variable function. First, we will cover the first and second-order conditions for identify-
ing the local maxima or minima of a function. We will then briefly discuss the conditions
necessary for identifying global extrema.

1.1 First and Second-Order Conditions

As illustrated in the figure above, our objective is to locate the peaks or valleys of a
function. Since the derivative captures the rate of change of a function, the deriva-
tive of the function at peaks and valleys should be equal to zero. This is because the
function is relatively flat in the small neighborhood of the peak or valley.

We define a critical point as a point where the function’s derivative is equal to zero. All
local maxima and minima of a function, if any, must occur at critical points where the
derivative of the function is equal to zero.

The necessary condition for x* to be a maximum or minimum point of a continuously
differentiable function f(x) is:

f'(x)=0

Here, x* is called a critical/stationary point.

Example. Let's find all the critical points for the function f(x) = x2 — 24x + 36.
We start by taking the derivative of f(x):

f(x)=2x-24
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Next, we set f’(x) equal to zero and solve for x. 2x — 24 = 0 — x = 12. Therefore, the
critical point of f(x) isx* = 12.

Note that it is necessary that at any maxima or minima, the derivative of the function is
0. To see this, consider a point ¢ where f’(c) > 0, so the function is increasing at point
c. Then the value of the function at a point just to the left of ¢ will be smaller than f(c),
so ¢ cannot be a local minimum. Similarly, the value of the function at a point just to
the right of ¢ will be greater than f(c), so ¢ cannot be a local maximum.

While being a critical point is a necessary condition, it is not a sufficient condition for
maxima or minima. This means that at any maximum or minimum point, the derivative
of the function must be equal to zero. However, simply having a zero derivative at a
point is not enough to conclude that the point is a maximum or a minimum. In some
cases, the function may have an inflection point or a flat spot, as shown in the following
figure.

[

Furthermore, even if we have identified a critical point that is not an inflection point,
we still cannot tell whether it is a maximum or a minimum point. To determine whether
the point is indeed a maximum, a minimum, or neither, we need to analyze the behav-
ior of the function in the neighborhood of the critical point. For instance, when we
are at a peak, it should be the case that the function was increasing on the left side
of the critical point x* and decreasing on the right side. In other words, the derivative
of the function was positive on the left side of x* and negative on the right side. This
approach is called the first derivative test.
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First Derivative Test

Suppose f’ (xg) = 0, then x* is a
e maximum if f’(x) goes from + to — in the immediate neighborhood of x¢
e minimum if f’(x) goes from — to + in the immediate neighborhood of xg

e not an extreme point if f’(x) has the same sign in the immediate neighborhood
of X0

Q
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f(x)=0

Example. For the function f(x) = x2 — 24x + 36, with the derivative f’(x) = 2x — 24, the
critical point is x* = 12. Consider a point just below 12, say x = 11.99. The derivative
at this pointis //(11.99) = 2(11.99) — 24 = —-0.02 < 0. Now consider a point just
above 12, say x = 12.01. The derivative at this pointis //(12.01) = 2(12.01) - 24 =
0.02 > 0. So the function is decreasing as x approaches x* and then starts increasing
beyond x*. So we can conclude that the critical point x* = 12 corresponds to a valley
or a local minimum.

Instead of checking whether the derivative goes from positive to negative, we can also
just look at the sign of the second derivative at the critical point, which is often easier.
This is called the second derivative test.
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Second Derivative Test

Suppose f’ (xg) = 0, then x* is a

1. amaximum if f”(x*) <O

2. aminimum if f”(x*) > 0

The second derivative of a function is the derivative of the first derivative, and, hence
it measures the rate of change of the first derivative. Consider a critical point x*. When
f”(x*) <0, it means that f’(x) is decreasing in the neighborhood of x*. Since f’(x*) = 0
and f’(x) is decreasing in the neighborhood of x*, it must be that the sign of f’(x)
changes from positive to negative at x*, indicating a local maximum. Similarly, when
f”(x*) > O, it means that f’(x) is increasing at x*, and it must be that f’(x) changes
from negative to positive at x*, indicating a local minimum.

Example. For the function f(x) = x2 — 24x + 36, with the derivative f’(x) = 2x — 24, the
critical point is x* = 12. The second derivative is given by, f”(x) = 2, which is positive
at all points, including at x = 12. So from the second derivative test, we can conclude
that 12 is a local minimum.

Finally, note that if f/(x*) = 0 and f”(x*) > O or f”(x*) < O, then we have a sufficient
condition for determining whether x* is a maximum or minimum point. However, this
condition is not necessary, as there are cases where f”(x*) = 0, and yet x* is a maximum
or minimum point. An example of such a case is the function f(x) = x4, with f’(x) = 4x3
and f”(x) = 12x2. The critical point for this function is at 0 and f”(0) = 0, yet O is the
minimum point. The graph of this function is presented below.
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Alternatively, we can say that f/(x*) = 0 and f”(x*) > O or f”(x*) < O is the necessary
condition for determining whether x* is a maximum or minimum point.

The following table summarizes the first and second-order conditions for local maxi-
mum and minimum.

Condition Maximum Minimum
First-order necessary f'(x)=0 f'(x)=0
Second-order necessary T f”(x) <0 f"(x) =0
Second-order sufficient ™ f”(x) < O f”(x) >0

T Applicable only after the first-order necessary condition has been satisfied.

1.2 Conditions for Global Extrema

The conditions for global extrema are similar to those for local extrema, but now we
need to look at the sign of f”(x) over the entire domain of the function and not just
locally at x*. In particular, if f/”(x) < O for all x in the domain of f, then any critical point
of f is a unique global maximum. This is because f’(x) is decreasing over the entire
domain of x, and can only be O at a unique critical point where it goes from positive to
negative, implying that it is the unique global maximum.

At this point, it is useful to define concave and convex functions.

A function f(x) is said to be concave if f”(x) < O for all x.

A function f(x) is said to be convex if f”(x) > O for all x.

A function f(x) is said to be strictly concave if f”(x) < O for all x.

A function f(x) is said to be strictly convex if f”(x) > O for all x.

So now, we can write the conditions for global extrema in terms of concave and convex
functions.
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e If a function is (strictly) concave, any critical point will give us a (unique) global
maximum.

e If a function is (strictly) convex, any critical point will give us a (unique) global
minimum.

Since concave and convex functions allow flat regions, it is possible for there to be
multiple extrema. This was the case in our example with f(x) = 2, which is both a
concave and a convex function as f”(x) = 0.

2 Unconstrained Optimization with Multiple Variables

In economics, we often encounter situations where we need to maximize a function
that involves more than one variable. For example, we may want to determine the
optimal quantity of two or more inputs, such as labor and capital, that a firm should
use to produce a given level of output.

To solve for the optimal values of multiple input variables, we need to take the partial
derivative of the output function with respect to each input variable and set them equal
to zero. This is the first-order condition (FOC) for multivariate functions.

For a function of two variables f(x, y), the FOC is given by:

0 0

= = 0
0x oy

Jx Iy

Here, f, and f, are the partial derivatives of f with respect to x and y, respectively.
In particular, f, captures, how f changes as x changes while holding y constant. So
when calculating the partial derivative with respect to one variable, we treat the other
variable as a constant.

Example. Let’s find all the critical points for the function

X,y)=x+ 2 _ 42
fx,y) y y

Note that, f, = 1 — 2xy and f, = 2y — x2. Setting f. = 0, we get xy = 0.5 and setting
fy = 0, we get y = 0.5x2. Plugging y = 0.5x2 inxy = 0.5, we getatx = 1 and y = 0.5.
So the critical point for this functionis (1, 0.5).
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Example. Consider the profit function n(K,L) = Q(K,L) — rK — wL, where Q(K, L)
is the production function that specifies the maximum quantity of output that can be
produced using K units of capital and L units of labor. Here, r and w are the prices of
capital and labor, respectively.

The partial derivative of 7 with respect to L is given by:

on
= — = — = O
L= o7 OL-w
Here, O, is the partial derivative of the production function with respect to labor, which
measures the marginal product of labor (MPL) or the increase in output resulting from
an additional unit of labor. Similarly, Ok is the partial derivative of the production func-

tion with respect to capital, which measures the marginal product of capital (MPK).
The partial derivative of 7 with respect to K is:

on
= — = — = O
MK = o Ok —r
At the critical point where both FOCs are satisfied, the firm will choose inputs so that
the price of each input is equal to its marginal product. (Note that Qg and Q; are func-

tions of K and L.)

For multivariate functions, the second-order conditions involve calculating all the (own
and cross) second partial derivatives of the function. We will skip details on these
conditions here. However, it is important to note that the concept of concavity and
convexity can be extended to multivariate functions. In particular, we can define a
concave (convex) function as a function whose graph lies below (above) any line seg-
ment connecting any two points on the graph. (See the slides for Lecture 12 for more
details.) Moreover, as before, any critical point of a multivariate (strictly) concave/con-
vex function represents a (unique) global maximum/minimum.

3 Constrained Optimization

Lots of problems in economics involve optimizing a function subject to one or more
constraints. For example, a firm may want to maximize its profits subject to produc-
tion constraints, or a consumer may want to maximize their utility subject to a budget
constraint. To solve such problems, we use the method of Lagrange multipliers.
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Suppose we want to maximize (or minimize) a function f(x, y) subject to a constraint
g(x,y) = ¢, where ¢ is a constant. The method of Lagrange multipliers involves con-
structing a new function, known as the Lagrangian, that combines the objective func-
tion and the constraint function as follows:

L(X,y,/l) :f(x’y) +/1[C_g(x7y)]

Here, A is the Lagrange multiplier. To find the optimal values of x and y, we need to
take partial derivatives of the Lagrangian with respect to each variable and the Lagrange
multiplier and set them equal to zero. This gives us the first-order conditions:

0
Lx(x’y’/l): L:fx(xay)_/l'gx(xay):o

ax
oL
Ly(x’y’/l) = a_y :fX('x’y) _/l'gx(x’y) =0
L
Livy, )= 9% =~ g(6,7) =0

Here, f; and g, represent the partial derivative with respect to x; of the objective
function and the constraint, respectively.

Intuitively, the Lagrange multiplier method works because it allows us to take into ac-
count the constraint when optimizing the function. By introducing the Lagrange multi-
plier, we are effectively adding a penalty term to the objective function that accounts
for the constraint. The Lagrange multiplier 2 has an economic interpretation as the
shadow price of the constraint. It measures the change in the objective function re-
sulting from a small change in the constraint function. Thus, the Lagrange multiplier
provides us with information about the value of relaxing or tightening the constraint.

Example. We want to maximize utility given by U(x,y) = xy subject to the budget
constraint 4x +y = 12.

We start by setting up the Lagrangian:

L(x,y,)=xy+A(12-4x-y)
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First-order conditions:

oL _41-0 (1)
Ox

oL

= — = 2
3y x—-1=0 (2)
oL

9E 12— 4x—y=

31 x—y=0 (3)

From equations (1) and (2), we have y = 44 and x = A, which implies that y = 4x.
Plugging this in equation (3):

12-4x-4x=0—->x"=15,y"=6,4"=1.5

Interpretation of 1*: If income increases by a dollar, utility increases by 1.5.

The method of Lagrange multipliers can be extended to problems with more than two
variables and constraints. For example, consider the problem of maximizing a function
f(x,y,2) subject to two constraints g(x, y,z) = ¢ and h(x,y, z) = m, where ¢ and m are
constants. To solve this problem, we will need to introduce two Lagrange multipliers
and then construct the Lagrangian function as follows:

L(x,y,z, A, ) = f(x,9,2) + A c — g(x,y, )| + u[m — h(x,y,2)]

To find the optimal values of x, y, and z that maximize f(x,y,z) subject to the two
constraints, we can take the partial derivatives of the Lagrangian with respect to x, y,
z, 4, and y, and set them equal to zero.

Global Extrema with Constraints

The Lagrange multiplier method transforms the constrained optimization problem of
maximizing f(x,y) subject to g(x,y) into an unconstrained optimization problem of
maximizing L(x,y,1). We know that in the case of unconstrained optimization, any
critical point of a concave function represents a global maximum. In the case of con-
strained optimization, if both f(x, y) and g(x, y) are concave, then L(x, y, 1) will also be
concave, and any critical point of L(x, y, 1) will represent the global maximum of f(x, y)
subject to g(x, y). However, requiring functions to be concave is a strong condition. We
can instead use the weaker condition that f(x, y) is quasiconcave, and the constraint

10



ECON 441: Introduction to Mathematical Economics Div Bhagia

set,C = {(x,y) : g(x,y) = c}, is aconvex set to ensure that we are identifying the global
maximum. (See the slides for Lecture 12 for definitions.)

The stationary point (x7, x5, ...,x,) of the Lagrangian corresponding to the problem of
optimizing f(x1, xo2, .., x,) subject to a constraint g(x1, xo, ..., x,) = cisaglobal maximum
if:

1. f(x1,x9,...,x,) IS quasiconcave

2. The constraint set is convex

4 Envelope Theorem

In economics, we are often interested in understanding how the value of a function
changes in response to certain parameters. For example, we may be interested in how
a consumer’s utility changes in response to changes in prices, or how a firm’s prof-
its change in response to changes in wages. When analyzing how a function’s value
changes in response to changes in parameters, we need to consider both the direct im-
pact of changing the parameters on the function’s value, as well as the indirect impact
of changing the parameters on the optimal inputs, which in turn affects the function’s
value. The Envelope Theorem tells us that we do not need to worry about the indirect
effect of changing parameters on the optimal inputs — we can simply focus on the di-
rect effect.

11
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Envelope Theorem: Unconstrained Maximization
Consider the following maximization problem:

max f(x,a)

Here, « is a parameter. Since the optimal input may depend on «, let’s denote it by
x*(a). Now let’s define the maximum value function:

V(a) = f(x"(a), @)

The envelope theorem states that,

=g==

Va fa

where f is the partial derivative of f with respect to x at x*

It is actually straightforward to see why this is the case. Note, that when we differen-
tiate V with respect to a,

*

* axl k
Vo = [ '%"‘fa

Here, f; is the partial derivative of f with respect to x at x*. By first order conditions
for optimization, f = 0, and hence V,, = f.

Example. Say we want to choose labor input L to maximize profit
max n(L,w)=InL -wL

Here, w is the wage rate. Writing the first-order condition:

1 1
np=—-w=0->L"=—
L w

Since L* depends on w, we can write it as L*(w).

Now, we are interested in how optimal profit changes with respect to changes in wages.
To answer this question, we first write down the maximum value function, which here
depends on w.

V(w) =na(L*(w),w) =InL*(w) — wL"(w)

Now to see how V(w) varies with w we need the derivative of V with respect to w. The

12
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envelope theorem says that this derivative is given by
/4 % % 1
Vi(w) = m,(L*(w),w) = =L*(w) = ——
w

We can also verify this by plugging in L*(w) = 1/w in the expression for V(w) and then
differentiating with respect to w.

Viw)y=InL*(w) —wL*(w)=In(1l/w)-1=Inl1-lnw-1->V'(w) = —&

The envelope theorem for constrained optimization problems is stated below.

Envelope Theorem: Constrained Maximization
Consider the following constrained optimization problem

max f(x,y;a) st Gx,y;a)=0
Xy
Lagrangian function:
Lx,y, ;) = f(x,y;@) + G (x,y; @)

As before, define the value function V(@) = f(x*, y*; @). Then the envelope theorem

states,
ov OL(x*,y*,1%; @)
da oa

The above theorem directly implies interpretation of the lagrange multiplier. Say max
f(x,y) subject to g(x, y) = ¢ Can think of the constraint as:

G(X,y,C) :C_g(x’y)

So here ¢ is the parameter . Now what happens due to change in ¢ to the value

function is given by
oV OL(x",y", A% a) _
da oa B

/l*

Example. We want to maximize the utility function U(x1,x9) = x1x9 subject to the
budget constraint p1x; + poxg = m, where m is the total income. We are interested in

13
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how the total utility changes due to a change in price of good 1.

Setting up the Lagrangian:
L(x1,x2,4) = x1xg + A(m — p1x1 — p2x2)

First-order conditions:

Ly =x9-1p1=0 (4)
Ly =x1—-Apa=0 (5)
Ly=m—-pix; —pax2=0 (6)

Equations (4) and (5) imply that xo/x1 = p1/p2. Plugging xo = p1x1/p2 in equation (6):

m m o, m

s Xg = s -5
2p1°"% 2po 2p1p2

m—p1X1 — paXg =m— pi1x1 — p1xXy — x] =

Denote L* = L(x7, x5, 4"). Then according to the envelope theorem how optimal utility
changes with respect to p is given by
oL” Foe m?>
= A X1 =—-——
dp1 ! 4p2po

We can verify that this is true as:

V( ) = 2t m? ov m?
DP1,pP2,M) = X1X9 = - = -
172 4p1p2 op1 4p%p2
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